In this work, the effect of transverse horizontal electric field on the stability of three layers of immiscible liquids is illustrated. The fluids are subjected to a uniform horizontal electric field. Analytical and numerical simulations of this system of linear evolution equations are performed. The solutions of the linearized equations of motion and the boundary conditions lead to deriving two simultaneous Mathieu equations of damping terms having complex coefficients. The effects of the streaming velocity, the permeability of the porous medium, and the electrical properties of the flow on the instability are investigated. In the case of uniform velocity, it is found that electric field has a stabilizing influence on the stability criteria. When the periodicity of the velocity is considered, the method of multiple scales is applied to obtain stability solution for the considered system. It is found that the phenomenon of the dual role is found for increasing the permeability parameter. In addition it is found that the velocity of the middle layer has a destabilizing effect whereas the dielectric constant ratio has an opposite influence to the stability of the fluid layers.
Introduction
The flow through porous media is of considerable interest for petroleum engineers and in geophysical fluid dynamicists. A series of studies for hydrodynamics stability have been initiated by many authors, for example, the unsteady electrohydrodynamic stability has been investigated in article [1] . The stability analysis is made of a basic flow of streaming fluids in the presence of an oblique periodic electric field. The authors in the paper [2] have discussed the instability of viscous potential flow in a horizontal rectangular channel. Bhatia [3] has studied the influence of viscosity on the stability of the plane interface separating two incompressible superposed fluids of uniform densities, when the whole system is immersed in a uniform horizontal magnetic field. He has developed the stability analysis for two fluids of equal kinematic viscosities and different uniform densities. Zakaria et al. [4] have investigated the instability properties of streaming superposed conducting fluids through porous media under the influence of uniform magnetic field, where the system is composed of a middle fluid sheet of finite thickness embedded between two semi-infinite fluids.
A good account of hydrodynamic stability problems has also been given in papers [5] - [9] . Li et al. [10] have examined the electrohydrodynamic stability of the interface between two superposed viscous fluids in a channel subjected to a normal electric field. The long wave linear stability analysis is performed within the generic OrrSommerfeld framework for both perfect and leaky dielectrics. The approach proposed in paper [11] is limited to study the gravity-driven flow of a liquid film below an inclined wall with periodic indentations in the presence of a normal electric field. Espn et al. [12] have analyzed the effect of viscoelasticity on the electrohydrodynamic instabilities in thin liquid films under the influence of AC and DC electric fields. It is found that the elasticity increases both the maximum growth rate and the corresponding wave number. In their study of AC electrohydrodynamic instabilities in thin liquid films, Roberts and Kumar [13] applied lubrication theory to examine the possibility of using AC electric fields to exert further control over the size and the shape of the pillars. They found that, for perfect dielectric films, linear stability analysis shows that the influence of an AC field can be understood by considering an effective DC field.
It is the purpose of our paper to develop a mathematical model for a steaming fluid sheet embedded between two bounded fluid layers in the presence of porous media. The fluids are subjected to a horizontal electric field. The present article is structured as follows. This section has presented the motivation for the investigation in addition to relevant background information. The next section lays down the exposition of the problem and a sketch of the system under consideration. Also in this section the equations of motion and boundary conditions are derived. The third section is prepared to linear perturbation and the line of solutions. In the fourth section, the Mathieu equations, for a periodic velocity, have been derived to control the surface wave propagation. Also, in this section, the perturbation scheme using the multiple scales analysis and the numerical estimation for stability configuration have been discussed. The results are discussed and some important conclusions are drawn in the final section of this paper.
The Basic Flow and Exposition of the Problem
Consider parallel flow of three fluids in an infinite, fully saturated, uniform, homogeneous and isotropic porous media with constant permeability, where we assume a model of a liquid sheet sandwiched between two bounded fluid layers. The two interfaces between the fluids are assumed to be well defined and initially flat and forms the plane y H = ± and the instantaneous perturbed interface height is
is along the y direction. The system is considered to be influenced by the gravity force in the negative y-direction as shown in Figure 1 . The fluids are incompressible and have constant properties. There are two interfaces between the fluids are assumed to be well defined and initially flat and the two interfaces are parallel and the flow is each phase is every where parallel to each other. Assuming that the layers are moving with velocity ( )
and Ω are constants. The unit vectors î and ĵ are in x-and y-directions. The equations governing two-dimensional motion of an incompressible fluid through porous medium are given by the phenomenological Darcy equation, which comes from the combination of the momentum equation and Darcy's law [11] - [14] :
associated with the continuity equation
In these equations
, the partial derivatives of any function are denoted by the subscripts February 2015 | Volume 2 | e1315 x y t φ of the perturbed motion such that the total fluid velocity is given by
and thus ( ) r φ will satisfy Laplace equation
In a magneto-quasi-static system with negligible displacement current, Maxwell's equations in the absence of free currents are 
Here, ( ) r E is the electric field intensity vector, the notation × refers to the vector product of two vectors and ( ) r ε refers to the dielectric constant. The construction of a potential function ( ) r ψ , can be representable as the gradient of the scalar potential such that
automatically satisfies zero curl for a constant permittivity and therefore the electrostatic potential satisfies the Laplace equation
The Maxwell stress tensor describes the stress field induced in the material due to electrostatic forces whose expression is
where, I is the identity tensor. In the following, the boundary conditions are used to complete the solutions of the above system of the governing equations. These constraints are information about the solutions at the upper and lower boundaries and at the interfaces between the fluids [7]- [10] . On the interface ( ) it is natural to impose the kinematic boundary conditions, the kinematic condition expresses the fact that the interface always comprises the same fluid particles, and therefore the function
( )
, l h x t whose graph defines the interface satisfies simultaneously In addition kinematic relation follows from the assumption that the normal component of the velocity vector in each of the phases of the system is continuous at the dividing surface:
Here, l n is the exterior pointing normal unit vector to the interfaces which has the form ˆˆ,
boundary conditions on the upper and lower plates, in which the plates are assumed to be rigid and kept constant, this implies that:
The continuity of the normal and the tangential components of the electric displacement at the interface obeyed Maxwell's conditions, and thus we have
Furthermore the dynamical boundary condition, where the normal stresses are balanced by the amount of the surface tension is (14) where, it is assumed that the fluid interfaces have surface tension coefficient ( )
is the corresponding unit tangent at the interface.
Linear Perturbation and Solutions
In order to discuss the stabilization of the present problem, the interfaces between the fluids will be assumed to be perturbed about its equilibrium location and will cause a displacement of the material particles of the fluid system. The amplitude of waves formed on the fluid sheet is assumed to be small. For a small departure from the equilibrium state, every physical perturbed quantity may be expressed as functions of both the horizontal and vertical co-ordinates as well as time:
where k is the wave number, which is assymed to be real and positive, the symbol i denotes 1 − , the imaginary number, and c.c. represents complex conjugate of the preceding terms and S stands for φ and ψ .
These, expansions are introduced into the governing equations and the relevant boundary conditions. The linearized terms in these perturbed quantities are only maintained in view of the linear stability theory [15] [16] .
To perform a linear stability analysis of the present problem, the interfaces between the three fluids will be assumed to be perturbed about their equilibrium locations to cause displacements of the material particles of the fluid system. Consider the effect of small wave disturbances to the interfaces y H = ± , propagating in the positive x-direction. Assuming that the surface deflections are given by
are arbitrary time-dependent functions which determine the behavior of the amplitude of the disturbances on the interfaces. Now by inserting Equation (3) into Equation (1), we obtain the pressure in terms of the velocity potential such that February 2015 | Volume 2 | e1315
Hence, from Equations (14) and (18), the balance at the dividing surfaces gives
In accordance with the interface deflection given by (17) and in view of a standard Fourier decomposition, we may similarly assume that the bulk solutions are of the form
As is customary in hydrodynamic stability analysis [15] , we determine the boundary-value problem cited above. It constitutes a homogeneous system of equations and boundary conditions for explaining the factors governing the surface wave's propagation. In view of the above boundary conditions, the solution of Laplace's equation yields the distribution of the velocity potential ( ) r φ and the magnetic potential ( ) r ψ in the three layers. Insert (20) into Laplace's Equation (4); the resulting solutions in view of the above kinematic boundary conditions yield 
Substituting (21) into Laplace's Equation (7), the resulting solutions in view of the previous Maxwell's conditions will give ( ) ( ) ( ) ( ) ( )
where, 
In the above solutions the stream velocity and the velocity potential function are made dimensionless using Hg and H Hg , while the applied normal field and the electric potential are made dimensionless by
Hg ρ ε and ( )
H Hg ρ ε , respectively. In addition the viscosity ( ) 
The Characteristic Equations
In this section our goal is to study effect of general surface deformations on the onset of a periodic velocity applied to the fluid sheet. Equations that determine the surface deflections are called the characteristic equations. Substituting Equations (22) by the dependence on the amplitude l ξ , finally after a straightforward calculations, one obtains the coupled equations 
where the coefficients that appear in these equations are real and depend on the physical parameters of the problem. The mathematical formulas of these coefficients are lengthy and not included here. However, they are available upon request from the author. Equations (28) and (29) are two coupled Mathieu equations having damping terms and complex coefficients. By making use of these equations, the stability behavior of the fluid sheet is controlled. For a uniform stream, the periodicity of the stream will be absent. Therefore, wave propagation is excited by using the electro-capillarity technique. Hence, in the limiting case of Ω tending to zero in the above system, the damped Mathieu equations then become a linear differential equations with constant coefficients. It can be satisfied by a growth rate solution, which may be written as where the coefficients α's are clear from the context. It should be noted that (31) represents a complex linear dispersion relation that is satisfied by values of ϖ and k. It is clear that the surface waves propagating along the interfaces separating between the inviscid fluids will only be stable if all the roots of (31) are real. Otherwise, there are at least two roots (complex conjugate) and thereby the interfacial inviscid waves are unstable. In Figure 2 our main goal is to examine the influence of the the applied electric field on the stability criteria of the system. However, the curves displayed in part (a) of Figure 2 clarify the four roots of the characteristic Equation (31) with the variation of the disturbance wave number k, corresponding to the case of the uniform stream, for a system having the parameters given in the caption of Figure 2 . It is observed that all the roots of (31) are real and then admitting stable waves in the range satisfying the relation 1 1.3 k < < , while two of these roots are complex in the specific regions 0 1 k < < and 2 3 k < < . It is shown in part 2(b) with ( ) 1 0 0.6 E = that the four roots of (31) are real in the region 1 2.2 k < < , whereas two of these roots are complex in the specific regions 0 1 k < < and 2.2 3 k < < . In part 2(c), where ( ) 1 0 1 E = , we observe that the stable area is increased to become in the range 0.9 2.3 k < < , while the unstable range is decreased, in which we observe that one or two the roots of (31) have acquired real values. In comparison of the parts of Figure 2 , we conclude that the electric field has a stabilizing influence on the movement of the waves where the increase of the values of the field has changed the unstable waves into stable waves. This case may be physically interpreted as suggesting that a part of the kinetic energy of the field has been absorbed from the waves. El-Sayed et al. [17] have obtained a similar conclusion in their studies of nonlinear electrohydrodynamic stability of two superposed Walters B' viscoelastic fluids in relative motion through porous medium.
In the presence of the periodicity of the velocity, the stability picture has changed dramatically and hence we return to the general form of dispersion relations (28) and (29). The method of multiple time scales [18] has ϖ , in which the solvability condition is divided into two cases. The first is valid in the non-resonant case in which the frequency Ω is away from the frequency ϖ . Otherwise the resonance arises when the frequency Ω approaches the frequency ϖ . Hence the solvability condition in the non-resonant case is
This condition show that the motion is stable if ( ) ( ) ( ) ( )
In the resonance case when the frequency Ω approaches the frequency ϖ , we introducing a detuning parameter ( ) 
where 1 A is the complex conjugate of 1 A . The solution of Equation (37) imposes a dispersion relation. This dispersion relation will be used to discuss the stability behavior in this resonant case. Let the solution of this equation has the form:
with real ϖ  and ( ) x are proportional to ( ) 1 exp t ϖ  . Then the coefficients matrix must vanish for non-trivial solution. This yields the following dispersion relation:
λ have common fixed points known as the resonant points. The emergence of these branches occurs as  tends to zero in Equation (36).
In graphing the stability picture, numerical computations are made for the resonant cases discussed above. The stability characteristics are governed by Equations (42) which require the specification of the same parameters which we indicated in the case of the uniform stream. The resonant case of the frequency Ω approaching the disturbance frequency ϖ is carried out. The numerical calculations for the transition and curves ( ) λ is plotted against the wave number k. The graphs emphasize the impact of the variation of the above parameters. A numerical search was conducted to seek the regions of the stability and instability. The stable region involved in these graphs was decided by satisfying the inequalities (40) and (41), where S represents the stable region and U indicates the unstable case. The instability is due to the balance between the frequency Ω and the disturbance frequency ϖ . The influence of the velocity ( ) 2 0 U is displayed in Figure 3 , the stability diagrams that are shown in this graph represent two stable regions and other region that lies between the two transition curves ( ) λ are unstable, which coincides with Floquet's theory. In Figure 3(a) , we choose the velocity ( ) and select suitable values of the parameters which we indicated above. Inspection of the stability diagrams reveals that there is an unstable regions bounded by the transition curves under the same values of the other parameters is given in Figure 3(b) . The stability diagrams that are shown in these graphs illustrate that the unstable area increase, while the stable regions decrease. Thus, we conclude that the increase of the velocity has a destabilizing influence. In Figure 3(c) , the stability diagrams that are shown in these graphs represent the same system as in the previous graphs while the velocity increases to the value ( ) , the unstable region increase and the stable regions decrease. It is apparent from the comparison between the graphs of Figures 3(a)-(c) that the variation of the velocity in middle layer plays a destabilizing role in the motion of the fluids.
In order to examine the influence the dielectric constant ratio ( ) 1 ε the lower layer to the middle sheet on the February 2015 | Volume 2 | e1315 Figure 4 reveals that the increase of the dielectric constant ratio ( ) 1 ε leads to increase in the width of the stability regions, while the unstable areas are decrease. The conclusion that may be drawn here is that the dielectric constant has a stabilizing influence on the stability behavior of the waves. In the parts (a), (b) and (c) of Figure 5 , we repeat the same diagrams as illustrated in Figure 3 , with a change in the value of the permeability of the porous media ( ) 1 
2,3,5 Q =
, while the other parameters are fixed. Applying the above stability constraints to separate the stable and the unstable regions, we notice that the the phenomenon of the dual role is found for increasing the value ( ) 2 Q , which has two roles: one is a stabilizing influence at ( ) 2 2 Q = to ( ) 2 3 Q = and the other is a destabilizing influence when the permeability is increased from ( ) 2 3 Q = to 5.
Conclusion
In this paper, we introduce the stability of a fluid sheet of finite thickness embedded between two bounded layers of fluids through porous media. The system is under the influence of a horizontal electric field with a periodic stream. Through linear perturbation analysis in the general case where the surface deflections are assumed to be independent, the solution of the system in the use of normal stress condition leads to two simultaneous differential equations of Mathieu type with damping terms and having complex coefficients, which are used to control the stability of the fluid sheet motion. Consequently, a mathematical simplification is desired to relieve this complication for the Mathieu equation. Hence, the parametric instability arose in the standard way of the multiple scales method, which is used in order to derive stability criteria in the case of uniform streaming, and in resonant and non-resonant cases. The transition curves separating the stable region from unstable regions are identified. The analysis recovers the key numerical findings and provides qualitative understanding. Numerical calculation of the stability of the system is made where the physical parameters are put in the dimensionless form. The special case for the absence of periodicity of the velocity is discussed. They are found to be in exact agreement with the corresponding previous works in fluid mechanics and electro-hydrodynamics. Stability diagrams are plotted and discussed for different sets of physical parameters. Based on the numerical results, several conclusions can be drawn as follows: in the case of uniform velocity, it is found that electric field has a stabilizing influence on the stability criteria. When the periodicity of the velocity is considered, the method of multiple scales is applied to obtain stability solution for the considered system. It is found that the phenomenon of the dual role is found for increasing the permeability parameter. In addition it is found that the velocity of the middle layer has a destabilizing effect whereas the dielectric constant ratio has an opposite influence to the stability of the fluid layers.
